
Math 564: Advance Analysis 1
Lecture 24

Characterization of completion. A wormed rector spaceX is complete it and only if
every absolutely cocregent series converges (in norm.

Proof. =>. Suppose (x)EX has absolutely convergent series
,

i
. e . Elkulls .

u

We wedbo show the sequence EX of partial suns is Candy
N+M

II X2 -El=xl IleN
E. Suppose every abs

, convergent series converges and let (x2) -X be

lander sequence . By the Candy property , it's enough to prove let
a subsequence of (a) converges in X

. WLOG
, by switchinghe a subsequence,

we way assure Ut Va
,
lixn-Xatull <I"

.

Then let ya
:=Xa-Xe,

where yo : = DeX . Observe Ut Z Yi = P+o-PH(i-X+)/+Xn- Yay = Xu
&

and also[llbill=11X:-Xi :=0 Ixoll + 211Xi -Xi-il= llxoll+ 2210.
i= & i= 0

i = ! isl

Thus
, ZY : converses and that's the limit of (a).

Def
.

A wormed rector space is called a Banach space if
it is complete.

Examples . (a) IRI
,

&

(b) Mnxm(IR) with the operator worm.

(2) (10 , 13) with the uniform morm.

Cor
.
L(x

,
M) is a Banach measure space (X

,
M).

Proof
. Suppose Ellfulldo fora If converges inI norm.

I EN

By the ne MCT
,

we have let SE =Sifal=Ellfull , &.





(1) => (3)
. Suppose becards a contradiction

,
that One Exu cit

.

1)Txall > n . lxall .

Divide both sides by all
,
we get Kill ,

we -y asscome let Mall : 1 and we have

11Tx-ll> n
, equivalently , 11T()() >1 . (

But Ill : 20 so by the activity of Tat OeX

we have Thi -0
, contradicting (4) .

For any linear T : X-34
,

let 1/Tll :=T ,
call this

the morm of T
.

This is indeed a norm:

(i) (IT /l = 0 (=> Tx = 0 Vx+X( => T=0 ,

(ii) /kill= (c) . VIT// for all CAIR.

(iii) IIT .+Tll : 1IT . /I+IITall bease 11/T
. +in) All : 1/Tix+Yax/l : IITcx/1+Ital

-> IITill - 11x1) + 1ITzlllIxV= (I TillllTull) (Ix II .

The morm also satisfies the following : If T : X + Y of S : Y-Z
,
ther

(iv) 11 So T11 = 1/Sl . 1/TII . Indeed
, PSoT (x)ll= 11SCTX/IE ISI - 11 TxIl : 1/s/ -

ITII . Ix11 .

Letting L/X , 4) denote the space of all bold linear transformations
,

equipped with this norm
,

becomes a morned rector space itself .

Prop . If Y is Burch space , then LIX
,
Y) in a Banach space.

Propf . HW

the space LEX , X) is also denoted by BIX) and livi makes this

a normed algebra , navily studied in functional analysis
,
in






